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Using the theary of generalized functions, the method of boundary integral equations is developed to solve four non-stationary
boundary-value problems of coupled thermoelastodynamics for media with anisotropy of the elastic properties and thermal
isotropy. Regular integral representations of solutions in Laplace transform space with respect to time and singular boundary
integral equations are constructed. The uniqueness of the sclution of the boundary-value problems, including thase in the shock-
wave class, is proved. © 2001 Elsevier Science Ltd. All rights reserved.

Solutions of boundary-value problems of thermoelasticity in regions of classical forms, obtained by the
method of complete and incomplete separation of variables, have been investigated most thoroughly,
whereas the dynamics of thermoelastic bodies and media with a complex geometry of boundaries have
been much less investigated. To solve problems concerning the stress concentration in a homogeneous
and piecewise-homogeneous linear medium with stress concentrators of different forms, the boundary
integral equation (BIE) method is effective. It was developed by a number of researchers to solve static
and quasi-static problems of thermoelasticity in regions with complex geometry, and has also been used
to solve boundary-value problems of uncoupled thermoelastodynamics with specified unsteady heat fluxes
on the boundary [1, 2]. Unlike these studies, in the present paper a BIE method is developed for solving
non-stationary boundary-value problems for a model of a coupled thermoelastic medium. The use of
such a model, in which the temperature gradient influences the deformation of the medium while the
rate of volume deformation affects the change in temperature, is necessary to calculate the influence
of dynamic loads on the thermal stressed state.

A BIE method for solving boundary-value problems of coupled thermoelastodynamics was considered
earlier in [3-5]. In this case, the traditional approach was used to construct the governing relations for
the displacements and temperature and the BIEs, which is based on the identities of Betti reciprocity
and their analogues for a thermoelastic medium. In the present paper, a new approach is proposed in
developing the BIE method, based on the use of the theory of generalized functions, following a
procedure proposed carlier [6]. It enables one, comparatively simply, to introduce into consideration
classes of derivative-discontinuous solutions (shock waves), to derive the conditions at the wave fronts
and to construct dynamic analogues of the Somigliana and Gauss formulae for a thermoelastic medium
in generalized function space.

1. THE GOVERNING RELATIONS SHOCK WAVES

A linear isotropic thermoelastic medium is characterized by a finite number of thermodynamic
parameters: the mass density p, the Lamé constants of elasticity, A and p and the thermoelastic constants
¥, N and %, In a Cartesian system of coordinates, such a medium is described by the following system
of equations [7]

G, ;—Pi+F =0

0.

% 0= ey =00 j=1 LN (L.1)
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where u, arc the components of the displacement vector u(x, t), u;; = du;/dx; = 0 g¢;, 8 =up, is the
relative temperature (6 = T(x, t} — T(x, 0)), T is the absolute temperature, F; are the components of
the mass force, Fy,; = (Agk) "W, W is the amount of heat released per unit volume in unit time, A, is
the thermal conductivity and o, are the components of the stress tensor related to the displacements
by the Duhamel-Neyman laws

Oy = AB;Byity ; + W, ; +u; )~ 15,0 (1.2)

When N = 2 the case of plane deformation is considered, and when N = 3 the case of spatial
deformation. Everywhere, summation is carried out over repeated subscripts within their given range
of variation.

Substituting expression (1.2) into system (1.1), we obtain a complete system of equations in u

Linsn; =(8=2719,08 iy ay =ML =8y,1))3,0;, F=1, 2, ..., N+l

This is a system of the mixed hyperbolic—parabolic type. Waves propagating in the thermoelastic medium
may be shock waves. The equation of the wave front F has the form

2 e 2 g2 w2
det{L;(v, v =det{Li(v. v)) M, M =X v; (1.4)
i=l
where Lizj is the principal part of the operator Ly (9,, d;), which contains only the higher second-order
derivatives, and L is the differential operator of the equations of motion of the elastic solid with the
parameters A,k and p; (v, v,) and (Vy, ..., Vx, V,) is the vector of the normal to F in R¥*,
From (1.4) it follows that

either [v]=0, or det{Lj(v, v,)}=0

The first equation describes the characteristic surface of the classic parabolic equation, which has the
form ¢ = const and does not determine the wave front in R*. The second equation describes the wave
fronts F, moving in R" with velocity

c=v,|{M. e=c; j=1, 2 (1.5)

where ¢; = V(A + 2u)/p is the velocity of the elastic body waves and ¢; = Vip is the velocity of the
shear waves. Thus, wave fronts (shock waves) in the thermoelastic medium travel at the velocity of elastic
waves. To derive the conditions at the wave fronts, it is convenient to use the theory of generalized
functions.

We introduce a space of finite infinitely differentiable vector functions

O(x, ={Q(x, 1), ... Py, (x, D} e Dy, (RY*)

The conjugate space Dy, (RY*') - the space of generalized vector functions f(x, H = { f,-(x, t),
i=12 .., N+ 1} - of linear functionals on Dy_,(R¥*!) corresponds to this. Taking the rules for
the differentiation of generalized functions into account, we obtain the equations of motion of

Djy (R
S, — P, ""Péi = l_oijvj *P“i,rVIJFSF(I, n+

+ aj(l_(lu,{v,( - Y0)0; + M v, + ujv,-)JFSF(x, r))—pa,([u,-],,-v,SF(x, )

8, -8, —ni; , +x 0= [_(e’j -V, - x’lev,JFBF(x, N+

+aj(Levj —Tl“erJFBF('x' ')]
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The square brackets denote a sudden change in the function on the characteristic surface F in RN
corresponding to the wave front F, in R". For the conditions of continuity of the medium to be conserved,
and for the vector function u to be the solution of system (1.1) in Dy, ,(R”*"), the sudden changes must
satisfy the following conditions

|4 ], =0. 181 =0
lo,v; —pvii; |, =0, [®,-mi)v; -xT0v,] =0, i j=1 2 .. N (1.6)

Taking Egs (1.3) and the equality n; = v;/||v|| into account, we derive from them the laws of conservation
on the moving wave fronts F, in

lulg, =0, (81, =0 (L7
loyn; +pcd,-_|ﬂ =0 (1.8)
[0 ) =lsin ], (19)

where n; are the components of the wave vector, i.¢. the unit vector perpendicular to F, and in the direction
of propagation of the wave. The first equality of (1.7) is the condition of conservation of continuity of
the medium, and (1.8) is identical with the well-known law of conservation of momentum on the wave
fronts of shock waves in elastic media. It follows from the second relation of (1.7) and (1.9) that, on the
wave fronts, the temperature is continuous, but its gradient undergoes a sudden change proportional to
the sudden change in the normal component to the displacement velocity front of the medium.

By virtue of the continuity of i, the first equality of (1.7) implies the condition that the tangential
derivatives to the front are equal, which has the form

|V~ vag ;| =0, i=1 2, ., N+l j=12, .. N (1.10)

since the vectors © = (3iv,, ..., kv, — v;) lie in the tangential plane to F:
N+t N
2TV, =3 8vvi vy = vy, -y, =0
j= =l
We will call the solution of Eqs (1.1) that satisfies conditions (1.7)—(1.9) the classical solution.

2. GREEN’S TENSOR AND ITS PROPERTIES
We will consider the fundamental solutions of Eqgs (1.1). Among them, Green’s tensor, corresponding
to F; = 8(x, N85 (8(x, £) = 8(x)d(2), §; is the Kronecker delta) occupies a special place and satisfies the
initial conditions

Ultx, 0)=0, i, j=1, 2, ..., N+, Ul(x, )=0, j=L 2, .., N, x=0 (2.1)

If the mass forces and heat sources are known, then, for an unbounded medium, the solution has the
form of the convolution

w(x, N=U/(x, 0% F(x, r)=7 dt [ Uf(x~y, 1~0)F(y, 1dV(y) (2.2)
0 Ry

hj=12, .., N+1

The Laplace transform with respect to time was constructed [8] for this tensor U/(x, p) (p is the Laplace
transformation parameter) for N = 2, 3. Construction of the analytical formula for the original is
impossible, and therefore the BIEs for solving the boundary-value problems are constructed for the
displacement transform.
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Consider the properties of U/(x, p).
Praperties of symmetry
Ulx, p=Ulx, p). Ul(=x, p=U/(x, p)

5(x. p), UMY -x, py=-U""(x. p) (2.3)

Er?(x‘ p)= m_(%_t?_’i)_

Ui (=x, p)==Uhalx, p), UNi=x, pp=UJSN @ py i, j=L 2,

Unlike an elastic medium, here Green’s tensor, generally speaking, is asymmetrical both with respect
to the indices and the argument.
The asymptotic form at infinity. For N = 2 [8]

Jim Ukr. p=0 (2.4)

since U f-‘(r, p) is expressed in terms of the MacDonald function K,{(z), while K,(z) — 0 when
z-»oe, Rez>0.
For N = 3, the damping is exponential since exp(-{r), Ref; > 0 occurs in the dynamic functions.
To construct the asymptotic form of U f(r, p) for large ¢, since

limU/(x, )= Ilm pUl(x, p)

t—r00

we consider the properties of the quantity pU;.'(x, p). When p — +0 (Im p = 0), we have {3 — 0,

plnp—0.
Then, for N =2
pU* (x p)_‘_plnp 6"‘ I+¢ 02(2+£) 2q(1+e)r 0
i 2y 2 Fd+el-pk
7Tk T'IP2
pUs (x, p)~_—8-—(l,—23 P(pyr, —0, PU (x, P)““'WP(P)” -0

a+e’ing

T3(x, p)~—-L—P(p) >0, P(p)=
pUs(x, p) = (p) (p) Cl?’(1+€)2—p%

i.e. a disturbance at any point of the medium attenuates with time.

Asymptotic representations of U (r p) when x — 0. Using asymptotic representations for special
functions, the asymptotic forms of U , presented in Table 1, were plotted. From formula (2.2), the thermal
stressed state of the medium when acted on by a pulsed concentrated and time-distributed force and
heat sources for rock was calculated.f

Table 1
N=2(,k=1,2) N=3{k=1,20
Uk @) {0~ c)rirg - InrdE 1 +c2)) @rur) " {l~c?) rir +85(1+c?))
TR —(4rx)  mrirlar (81) " nr,
U,(‘,H —(47[(7L+2L1))_|T]pr:,(rlnr (8T(A +2|J.))_IT‘|pr:k
[N ~@nx) "' Inr C dmwn)!

+KUPESIVA, B.N., Fundamental solutions and boundary integral equations of problems of coupled thermoelastodynamics.
Candidate dissertation 01.02.04, almaty, 1998.
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3. FORMULATION OF THE BOUNDARY-VALUE PROBLEMS AND THE
UNIQUENESS OF THE SOLUTIONS

Suppose the medium occupies a region §~ bounded by a closed Lyapunov surface § with an outward
normal . The initial and boundary conditions are known, namely,

u(x, 0)=ul(x), Ox, 0)=0%x), xe(S™+8) dx, 0)=u](x), x€5”
WeCs+5), WeC(S+5) (3.1)

Problemn 1. On the boundary (x e S), the load and heat flux are specified:

oyl On(x)=q (x 1), g €C(SX[0, =) (3.2)
36(x, fon=g%(x, 1), q°eC(Ex[0, =)) (3.3)
Problem 2. On the boundary (x € §), the displacements and temperature are specified:
w(x, D=ul(x, B, ul(x, O=ul(x); u e C(Ex[0, «)) (3.4)
8(x, H=8%(x, n, 0%(x, 0)=0"(x): 8° € C(SX[0, oo)) (3.5)

Problem 3. On the boundary (x € S), the displacements (conditions (3.4)) and heat flux (conditions
(3.3)) are specified.

Problem 4, On the boundary (x € ), the load (conditions (3.2)) and temperature (conditions (3.5))
are specified.

Here, C(...) is a class of continuous functions on the given set, and C’(...) is a class of piecewise-
continuous bounded functions. On the fronts of the solutions, the conditions of continuity (1.7-(1.9)
are satisfied.

It is required to construct the governing relations and BIEs for these problems.

Further, to simplify the calculations, it is convenient to represent o; in the form

G'f = C}}r“‘,‘f and 78,19 (3.6)

where C ’-,}’ are the tensor components of the constants of elasticity, generally speaking, of an anisotropic
thermoelastic medium, satisfying the symmetry conditions

Cl=cl=ck=cj (37)
In the isotropic case it has the form
Cyl =M, + (8B +8,8,)
Theorem 3.1. If a solution of the boundary-value problem exists, it is unique.
Proof. We put
2W(u, 8, 0y=oyu,; +plal + 10, ; + v 6% =
= Clluy jup, +philf + Yo%, i j=1, 2 L N

We multiply the first equation of system (1.3) scalarly by iz;, and the second by yn™8, and add. Grouping
terms and using the equality

. | - :
#; Oy = E(an u; U 1), — YO
we abtain

(1,0, + wm"eﬂ_j ), - W, —'m"[lgrad 9|]2 +i;F + w8, =0
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We integrate with respect to ™ x (0, f) using Gauss’ theorem. We have

| dif G; 0+ M08, mdS() - [ (Wn, 8, 1)~ W(u, 88)dV(x)~
0 S 5

I
-7 dr | |grad@ffdVin+ 3 [ |Gio, +m 08 v, - W, 6, v, | dF(o+
a s~ F F

f
+f dr | (i F; +pen ' 0Fy . )dV(x) =0
0o s

where dF is the differential of the area of the characteristic surface F in RY x t, which corresponds to
the wave front F, in R". We integrate over the surfaces of all the wave fronts entering the region of inte-
gration. We evaluate the integral obtained, Using the conditions on the fronts (1.7)—(1.10), we transform

. - | .. . 1 .
(4,6, + 000 )V, - W(u.8,1)y, = 7 oy, =PV =[O (Ve — v I+
- 1 - 1. . R R,
+m l[96.}"] "gvr(ﬂe“;ﬂj +x7'9? )]= PR [0V =PV, Jit; +50,‘,‘Vj[u,-]—
1 - i _ - 1
—-i—v,u,-’ij[u“]+Ev,u,-'jy[ﬁlﬁ,j +M !GIG_J-Vj]—E?GV,[Hj_j]=

=m~'Ol@; — i)V, + (v, - v =0

Finally, we obtain

1 '
i dr{ (t; ;G +"'00 ;) dS(y)+ (j) drsj_ (Fjti; + ' %0Fy, )dV(x) =

r
= [ (Wu,0,0)— W(u,8,00)dV(x)+| dr [ | grad®|)® dV(x)
5 o s

This equality expresses the law of conservation of energy. The uniqueness of the solution of the boundary-
value problem follows from this.

In fact, we will assume that two solutions &*(x, 1) (k = 1, 2) exist. Then the difference u = u' — 1% satisfies the

zero boundary and initial conditions and the corresponding functions F; = 0 and Q = 0. For u we have | W(u, o,
-

i
NdV(x)+ dt | || grade||* dVix) = 0. Since the integrand is positive, it follows that u = 0, i.e. &' = u’.
[} s

We will now formulate the problems in Laplace transform space with respect to time, since the kernels
of the BIEs can be constructed only in this space. The equation of motion (1.1) in this space, taking
into account the conditions on the fronts, take the form

Gy, ~pp' +pF +G; =0
B ;- px 8-Npi; ; + Fygy + Gy =0 (3.8)
G, = (pi? (x)+ ppu (xDH5 (x)
Gl =(x"eo(x)—ﬂu?,,')HE(K)’LT'“?”J'sS(X)
In Laplace transform space the initial conditions are transformed into asymptotic conditions

lim pE(x.p)=uo(.r), lim pg(x.p)—>90(x). xe(§7+5)
p"“‘H"ﬂ p——)+°=

lim pzﬁ(x. p)=i«0(x), xes§ (3.9)
poren
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The boundary conditions have a form similar to (3.2)~(3.5), but only for the Laplace tranform.
We then construct the governing relations and boundary integral equations using the theory of
generalized functions, following the procedure described in [6].

4. THE ANALOGUE OF THE SOMIGLIANA FORMULA IN
GENERALIZED FUNCTION SPACE

We will use H;(x) to denote the characteristic function of the set §~, which for a smooth surface S has
the form

I, xe§
Hs(x)={Y%, xe§ (4.1)
0, xeS™+S§

We will extend the definition of the functions specified on §~ to R by introducing the functions
#(x, p)=@(x. pYH3 (x), F(x,p)=FH;(x)
which will be regarded as generalized functions from Dj..,(R"). Note that
3;f = H5 (x)3;f - n; Rs(x) (4.2)

where n;f8,(x) — a singular generalized function - is a simple layer on §. Without loss of generality, we
will assume that the point x = 0 belongs to §~.

Theorem 4.1. If u(x, p) is the classical solution of the boundary-value problem, we have
i (oY= Uy % (pF; + G+ U}y 4578500+ CTS, ;% (@i myB s+
+UN (T By g + Gy )+ TN (S —pafn )85 () + TN %@5n,55)
LikI=1,2,... . Nm=1,2,...N+1

Proof. Using the rules for the differentiation of generalized functions and relation (4.2), we obtain
equations for & (x, p) in Di{R")

Ly@,,p)j +¥; =0, ij=12..,N+] 4.3)

¥, = £+G,+n885(0)+ CH@abs(x));, i=12,...,N (4.4)
Frvar = Fyay + Gpy + (8 -, n ;850x) + (8, B5)

Using the property of Green’s tensor U{, we consider the generalized solution of Eqs (4.3), which is
represented in the form of the convolution '

wo=U/ =¥, ij=12. ., N+1 (4.5)
Suppose supp @ & S + S, then
(Ul * ‘i‘j'@.') =i » Lyl @)= (ijU.'j i, ;)= (8, 0(x)* i, 0,)=(;, ;) =0 (4.6

ie.w = 0forx ¢ § + 5. Consequently, (W — i), the solution of the homogeneous houndary-value
problem (with zero boundary conditions and right-hand side of the equations), is also equal ta zero
forx ¢ 5. Hence, by virtue of the regularity of (W — &) and the uniqueness of the solution of the
boundary-value problem, it follows that w = i.

Substituting expression (4.4) into (4.6) and using the rules for the differentiation of the convolution,
taking into account the notation introduced, we obtain the formula indicated in the theorem. All the
convolutions exist by virtue of the boundedness of S. The theorem is proved.
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The formula of the theorem expresses the displacements and the temperature within the region in
terms of their boundary values, and also the values of the load and heat flux on the boundary, It is an
analogue of Somigliana’s formula of the static theory of elasticity, which expresses the displacements
of the elastic medium in terms of the boundary values of the load and displacements.

Since only some of the boundary functions are known, the formula does not give solutions of the
boundary-value problem. One day we shall show that it also holds forx e § in the sense of determining
H [(x) and gives boundary integral equations for solving the boundary-value problems in question.

5. TENSORS WITH COMPONENTS T,-j AND G{ AND THEIR PROPERTIES

To write formula (4.5) in a convenient integral form, we will introduce a tensor with componénts
Tix, n, 06, ), k1=1,2,...,Nm=12,.... N+ 1)
T,,f(x,n, pl= Cfﬁ;.,j"r —T'IPEn':vH”b 7_;”” = Errlelnj (5-1)

In the isotropic case, a tensor with components 7;*(x, p) was obtained in the dissertation mentioned
in the earlier footnote.

Theorem 5.1. The tensor with components 7,% with fixed & is the fundamental solution of Egs (3.6)
and (1.1), corresponding to a concentrated mass force and a heat source of the multipole type

Fo=(C¥n@d, -npn, 8§ *18(x). k=12,...,N
Proof. We fixk. We act on T (k,m = 1,2, ..., N + 1) with the operator L{0, p) and use the equation

for TX . We obtain
fork=12,...,.N

L3 T = pay L MU om - L yha S cu i N4l _
sm( ;’p) m = zl s if m,j"l TP, = z nlc'r] LsmUm,j _npnijmUm -
m= =1
Nt
== ZI n ;858 ;(x)+ npn, Y '8(x)
fork=N+1

N+l

Lsm(ax‘p)rn?,H = 2| LsmnjajU-'f:H = —B?H"JBJ
m=

s=1.2...N+1, ji=12..N

The theorem is proved. _ _
We introduce tensors with components ;' and G generated by U;”

Ir=ClUn-0"8;: 8" =UN,, Likl=12...N, m=12.. N+l
G (x,mp)=Z0n;, G (xnpy=(07(x, p)-npU" (x, p)n;

T is the stress tensor generated by pulsed actions; the tensor with components G}” fori = 1,2,..., N
describes the stresses on an area with normal n, and for i = N + 1 it describes the heat flux over this
area combined with losses on volume expansion.

We will introduce the notation

0,(x)={yeSillx—yli<e). Sph,(x)={yeRY; |x-yl<e}
Spht =Sph, A 5%,5, =5-0,, § =5 -Sph;, TF=(yllx—yl=cyes}

according to sign; x € S.
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Theorem 5.2 (the dynamic analogue of Gauss’ formula). If S is a Lyapunov surface, then

v.p. J G"(x = y,n(y), p)S(y) +pp’ J U (x -y, p)dV(y) = pd] Hs (x)

v.p. I Gp'y (x = y.n(y), p)dS(y)+P°¢"I Unr(x =y, p)aV(y) =8y, H5 (x) (5.2)
;-

Proof. We convolute the equations for Green'’s tensor

0 (x.p) - ppU" +878(x) =0

87 ~ p 8" —mplU ", + 87,,8(x) = 0

with H ;(x) . Taking into account the rules for the differentiation of a convolution and formulae (4.1),
we obtain

~E7(x, p)* n,85(x) - p’pU" * Hy (x)+p8] Hs (x) =0,
—63' *n,85(x) - pu"ﬁ"’ #* Hg (x) +an7j"' * nj85(x)+ M Hs(x)=0

The integral representation of this convolution, taking into account the notation introduced, has the
form of (3.2), and here all the integrals exist in the usual sense by virtue of the continuity of the integrands
forx e S.

We will show that formulae (5.2) also hold for x ¢ § in the sense of Definition 2.1.

We transform the contour in the ne:ghbourhood of the point x, circumventing it along the g-circle
IFtoS andI'7 to §* = Ry- (5 + S). We put 8¢ = 5~ + Sph; and write each of the equalities (5.2)
for the regions S+ and S;.

A"+ B™ +pp?CMt =87, A"+ B +pp’Cr =0
Aner +Bu +— £ CN+I =8N, AR +BYL+S L Cm;x =0

AT = | (-;'j'"(x—y,n(y),p)dS(y), B"'* jG (x - y,n(y), p)dS(y)

Se

Crt=[ UMx-yp)V(y), Jj=12,...N+1
st

We add the equations in each line pamwse and take the limit as € — 0. The volume integrals C""
approach the integral over the entire region by virtue of the weak singularity with respect to r of the
integrand (see Table 1). We single out the parts of the tensor with components G¥ that have strong
singularity with respect to r:

Gr C“U“n c';ﬁﬂ(x,n,p):E;,"wnj, m=12,...N+1ij.kl=12..N (5.3)

Since G"(x, n, p) = -GI'(=, n, p) and, at opposite points y* and y of the sphere
Sphey*-x = —(y" =), n(y") = n(y), we have

Wm(B"* + B )=0, jm=12,. N+l

e—0

As a result we obtain the proof.
If in (5.2) it is assumed that S~ = {y: ||x —y|| < €} and use is made of the weak asymptotic form
U™ (x, p) when ||x|| — 0, we obtain the following corollary.

Corollary 5.1. For all x

lim | G™ (x y== )dS(y) 57

t:—aD,=E
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6. BOUNDARY INTEGRAL EQUATIONS OF BOUNDARY-VYALUE
PROBLEMS OF COUPLED THERMOELASTODYNAMICS

Theorem 6.1. If the classical solution u(x, ) of the boundary-value problem exists, i(x, p) € C(S™ + ),
and satisfies the Holder condition on § for any fixed p(Re p > 0), then

B H3 (x)= U #(F+ G+ | (Uk(x =y p)G; (5 )+ Ty (x = 3, p.nyNE (v, PHES(y)  (6.1)
s

Ti+1 =G (x, p), Bys; = &(x, p). Forx e S, the singular integral is taken in the sense of the principal value.

Proof. We will return to the analogue of Somigliana’s formula (2.7), the mtegral notation of whlch
by virtue of the singularity of the solution, has the form indicated. Since U% and accordingly T% (the
solution of system (1.1)) also have singularities only whenx -y = 0, i.e. on S then the integrals on the
right-hand side of Eq. (6.1) exist for all x ¢ §. Consequently, (2.7) is the SO]I.I.thIl of system (1.1) in ™.

To prove Eq. {(6.1) on the boundary, we consider the asymptotic forms of T and G whenr — 0.
By relations (5.1) , we have

Tr(xn, p) ~ CEUL inpi kit =1,2, N T = U m=1.2, N+
From the properties of symmetry {3.7) it follows that
C"'U, in; = C,';’;U,,’;{ C'“U,,U.n, TX
Gaa -Of i =T m=120 N, k=12, N
Where r — 0 we have
Uﬁu = Oy, U’kNH = Oy,
Gy, (x.np) ~ Ufcﬂ.j ;= Ons G an,p) ~ Cz[_jt'ﬁ“”iON’

TA‘;H(LH,P): Oy, ﬁ”” =0y, k=1L2..,N
0, = 0(Inr), O3=0(¢™")

This results in the equalities

lm‘(l)j' mx—y,nly), p)aS(y) =8 (6.2)
.!‘L‘bf T (= yon(y), paS() =8 (6.3)

which hold for N = 2, 3.
Suppose x e S. We consider the region S~ -Sph;(x) with the boundary S, + I';. Writing the analogue
of Somigliana’s formula for this region, since x ¢ § —Sphg, we obtain

= [ TXx-nA0MS.N+ | T (x = nf)dls ()+
e re

+ | THx—y.n(y), P, (y)dS(y) + § T (x = yon(y), P (DT (¥) (6.4)
S e

Taking the limit as € — 0, we have

0=v.p.J {EI (7 (x =y, (), P, N+ U (x = ) (y)]}dS(y) +
s Lm=l
-y
II -y

+lim [ T™Mx =y’ (9), Pt (3, p)AS(y). ' (3) =
0
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The integral in the sense of the principal value exists by virtue of the indicated asymptotic form of the
tensor with components 7" (x, p) and the properties of antisymmetry of the strong singularity. We will
calculate the average limits using the Holder condition and Eqs (6.2) and (6.3)

tim | T™(x- y,n’(y),p)um(y)a’S(y)=lin(l) [ T™(x = y.n7(y), p) oty (¥) = i, (xDAS(y) +
£ T,

£
rﬁ

+limu, () [ T - y,n' (), pS(y) = u, () lim [ (T (x—y.n'(y).p) -
£-0 T ls—~>()rE

— — 1
-G, (x =y, 7'(y), pPdS{y) +u,,(x) lifg | Go(x=y.n'(y), p)dS(y) = -Eum(:\')
E—> rg_

Transferring the last term of the equality to the left-hand side of Eq. (6.4), we abtain relation (6.1),
where the integrals containing T, are singular and taken in the sense of the principal value, The theorem
is proved.

7. CONCLUSION

Formulae (6.3) forx € § are boundary integral equations that enable the four boundary-value problems
to be solved. All the equations constructed lend themselves to a numerical solution by interpolation
of the boundary and of the required functions by splines, the order of which is selected depending on
the required accuracy of the solution of the problem. In the case of the first boundary-value problem,
the algorithm of the numerical solution of the BIEs is well developed for solving similar kinds of static
problems of the theory of elasticity. For the remaining boundary-value problems, the solution requires
the use of different regularization methods.
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